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Abstract
The subject of this article are the modules M over a ring R such that every element of M is
contained in a pure-injective direct summand of M . For obvious reasons we call these modules
locally pure-injective. We prove diverse characterizations, some structural results and give con-
ditions under which locally pure-injectives are pure-injective. Furthermore, we show that the sets
of matrix subgroups of the modules in question satisfy the AB5∗ condition. One of our charac-
terizations reveals that the class of locally pure-injective modules is in a certain sense the dual
of the class of strict Mittag–Le8er modules (Raynaud and Gruson, Invent. Math. 13 (1971) 1).
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0. Introduction
The starting point of this article was the following observation. Given a pure-injective
module M , a pointed module (X; x) and a direct limit presentation (X; x)=lim→ i∈I(Xi; xi)
we have HX;x(M) =
⋂
i∈I HXi; xi(M). (The notions are explained at the end of the intro-
duction.) This formula occurs in various disguises in the literature, e.g. in [5, Proposi-
tion 1:37; 18, p. 704; 19, Corollary 1:8]. Naturally, the question arises as to the precise
structure of the modules for which it is valid. We will show that this holds for the
M for which every element is contained in a pure-injective direct summand of M .
For obvious reasons we call these modules locally pure-injective, l-pure-injective for
short. Clearly, direct sums of pure-injective modules have this property; in this way
examples of l-pure-injective modules are found which are not pure-injective. In order
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to characterize the modules in question in a diHerent way we consider the following
strong notion of purity. A monomorphism f :A → B is called strongly pure, s-pure
for short, if for every Inite tuple a1; : : : ; an of elements of A there exists s :B → A
with sf(ai) = ai; 1 6 i 6 n. This condition Irst occurred in a paper by Chase [4,
Proposition 2:2]; it was subsequently studied by Rangaswamy and coauthors [7,11,12],
and recently by Azumaya under the name “locally split monomorphism” [2]. Clearly,
every s-pure mono is pure; conversely every pure mono is a push-out of an s-pure
mono. To come back to our original problem: A module M is l-pure-injective if and
only if every pure mono M → N is even s-pure. This description shows that the class
of l-pure-injectives is the dual of a class of modules studied by Raynaud and Gruson
under the name “strict Mittag–Le8er module” [13]. In fact, it was proven by Azumaya
[3, Proposition 8] that M is a strict Mittag–Le8er module if and only if every pure
epimorphism g :N → M is locally split (i.e. for every Inite tuple x1; : : : ; xn of elements
in M there is t :M → N with g t(xi) = xi; 16 i 6 n).
We shortly summarize the content of the paper. The main properties and some
examples of s-pure monos are explained in Section 1. Though part of the material
can already be found in the papers cited above we include it for completeness. In
Section 2 l-pure-injective modules are characterized by diverse properties. Then some
closure properties of the class of these modules and structural results are proven. For
instance, it is shown that a countably generated l-pure-injective module is a direct sum
of pure-injectives and that a pure-projective module is l-pure-injective if and only if it
is a direct sum of countably generated pure-injective submodules. It has to be stressed
that some of the results of this section were formerly obtained by Rangaswamy for
abelian groups [12]. The question when l-pure-injectives are pure-injective is studied in
Section 3. It is easy to see that this holds under assumptions such as indecomposable,
Initely generated, Inite Goldie dimension or Inite dual Goldie dimension. We also
present two general conditions. They are specializations of conditions characterizing
pure-injective modules. We have not understood their real meaning up to now. In
particular, we do not have examples of modules with one of these properties which are
not pure-injective. In the concluding Section 4 we show that an l-pure-injective module
M can be characterized by the validity of the formula TX;x(M+)
◦ = HX;x(M) for all
n-pointed modules (X; x) with n ∈ N. Here TX;x(M+)◦ is the annihilator of TX;x(M+)
in Mn; M+ = HomS(M;Q) where S = EndR(M) and SQ is an injective cogenerator. As
a corollary we obtain that the set of matrix subgroups of an l-pure-injective module
satisIes the AB5∗ condition. This implies that the module SM=RadSM is von Neumann
regular in case M is l-pure-injective and Initely generated over S.
In the appendix we add new proofs of some important characterizations of pure-
injective modules. This may be justiIed by the fact that two of them are modiIed
in Section 3, but also that they might be of general interest. The new arguments are
module theoretic and do not use matrices; instead we consequently use pointed modules.
Concluding the introduction we Ix some notations and recall some deInitions. In
general, we will be dealing with right modules over a Ixed ring R. The category of
all right (left) R-modules will be denoted by Mod R (RMod). Given modules MR and
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NR we shall write (M;N ) or (MR; NR) instead of HomR(M;N ). If in addition U is a
submodule of M we let U ◦ = {f ∈ (M;N ) |f(U ) = 0}. We also work with pointed
modules. Given a non-empty set K a K-pointed module is a pair (X; x) consisting of
a module XR and a tuple x ∈ XK . If K = {1; : : : ; n}, where n is a natural number,
we also speak of an n-pointed module. A morphism f : (X; x) → (Y; y) of K-pointed
modules is a morphism f ∈ (X; Y ) such that f(x) = y, where f(x) = (f(xk))k∈K and
xk is the kth component of x. Now let (I;6) be an upward directed index set and
’ji : (Xi; xi) → (Xj; xj); i 6 j in I , a direct system of K-pointed modules. A K-pointed
module (X; x) together with a family ’i : (Xi; xi) → (X; x), i ∈ I , of morphisms is a
direct limit of the given system in case the family ’i :Xi → X , i ∈ I , is a limit of the
system ’ji :Xi → Xj, i 6 j. It was shown in [19, Lemma 1:4] that for every n-pointed
module (X; x) there exists an upward directed index set (I;6) and a direct system
(Xi; xi) → (Xj; xj), i 6 j in I , consisting of Initely presented n-pointed modules, and
a family ’i : (Xi; xi) → (X; x); i ∈ I , forming a direct limit of the system.
Every K-pointed module (XR; x) gives rise to two functors. Let M be a right R-module
and let HX;x(M) be the image of the morphism x : (X;M) → MK , f → f(x). This de-
Ines a subfunctor HX;x ⊂ VK where V : Mod R → ModZ is the forgetful functor. The
subgroups HX;x(M), where (X; x) runs through the class of 1-pointed modules, are called
matrix subgroups of M (see [19] for additional information). Sometimes we also use
this name if (X; x) is an n-pointed module with n¿ 1. Similarly, let N be a left module
and let TX;x(N ) be the kernel of the map  x :N (K) → X ⊗R N , (yk) →
∑
k∈K xk ⊗ yk .
This time we obtain a subfunctor TX;x ⊂ W (K), where W :RMod → ModZ again
denotes the forgetful functor.
1. Strongly pure monomorphisms
The class of modules we are going to explore is best introduced by means of a class
of monomorphisms we shall call strongly pure.
Denition 1.1. A submodule M of a module NR is called strongly pure, s-pure for
short, if for every Inite tuple x1; : : : ; xn of elements in M there is a map t ∈ (N;M)
such that t(xi) = xi, 1 6 i 6 n. More generally, a mono f ∈ (M;N ) is called s-pure
if its image is an s-pure submodule of N . An epimorphism g ∈ (N; P) is called s-pure
in case Ker g is s-pure in N .
It is obvious that s-pure monos are pure; we will see before long that the converse
is not true. This strong notion of purity occurs in the work of several authors. In
a proposition due to Villamayor which is reproduced in an article by Chase it is
shown that every pure submodule of a free module is s-pure [4, Proposition 2:2]. More
systematic studies of strong purity were undertaken by Rangaswamy and collaborators
[7,11,12], and more recently by Azumaya [2]. We note that s-pure monos are called
locally split by Azumaya.
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In our Irst proposition we show some easy transformations of DeInition 1.1.
Proposition 1.2. The following statements are equivalent for the inclusion M ⊂ N :
(1) M is s-pure in N .
(2) For every x ∈ M there is t ∈ (N;M) with t(x) = x.
(3) For every module XR; every n ∈ N and every n-tuple x ∈ X n we have HX;x(M)
= HX;x(N ) ∩Mn.
(4) Condition (3) for n = 1.
Proof. We only show (2) ⇒ (1) and (1) ⇒ (3).
Implication (2) ⇒ (1) is shown with Villamayor’s trick reproduced in [4]. Let
x1; : : : ; xn; n¿ 1, be elements in M . Proceeding inductively we assume that there is
u ∈ (N;M) with u(xi) = xi; 1 6 i 6 n − 1. By (2) there is v ∈ (N;M) with v(xn −
u(xn)) = xn − u(xn). Now t = u + v− vu satisIes t(xi) = xi; 16 i 6 n.
(1) ⇒ (3) : Let x ∈ X n and let f ∈ (X; N ) satisfy f(x) ∈ Mn. By (1) there is
g ∈ (N;M) with f(x) =gf(x). This shows that HX;x(N )∩Mn ⊂ HX;x(M); the opposite
inclusion is obvious.
We note that an epi g ∈ (N; P) is s-pure (i.e. Ker g is s-pure in N ) if and only if
in every commutative diagram
where f is an epi with Initely generated kernel there exists s ∈ (Y; N ) with h = gs.
Now, we list a number of properties of the class of s-pure monos, some of which
were formerly stated by Rangaswamy in the case of abelian groups [12]. It is well
known that similar properties hold for pure monos. We shall comment on some of the
diHerences after having given examples.
Proposition 1.3. Let M and N be submodules of some module P such that M ⊂ N .
(1) If M is s-pure in P then it is s-pure in N .
(2) If M is s-pure in N and N is s-pure in P then M is s-pure in P.
(3) If N is s-pure in P and M is ;nitely generated then N=M is s-pure in P=M .
(4) If N is s-pure in P and Q is an invariant submodule of P then the inclusion
N ∩ Q ⊂ Q and the induced mono N=N ∩ Q → P=Q are s-pure.
(5) If N =
⋃
i∈I Ni is an upward directed union of s-pure submodules Ni of P then N
is s-pure in P.
(6) Direct sums and direct products of s-pure monos are s-pure.
W. Zimmermann / Journal of Pure and Applied Algebra 166 (2002) 337–357 341
(7) If N is s-pure in P then the tensor map N ⊗R XS → P ⊗R XS and the hom map
(YR; NR)T → (YR; PR)T are s-pure where RXS is a bimodule and TYR is a bimodule
such that YR is ;nitely generated.
Proof. Conditions (1), (2), (5) and (6) are obvious.
(3) Let M be Initely generated, say by x1; : : : ; xn and let x ∈ N . There exists
t ∈ (P; N ) with t(xi) = xi, 1 6 i 6 n, and t(x) = x. The induced map Pt :P=M →
N=M; y + M → t(y) + M , satisIes Pt(x + M) = x + M .
(4) Let Q be an invariant submodule of P. Given x ∈ N ∩Q there is t ∈ (P; N ) with
t(x) = x and by invariance we have t(Q) ⊂ N ∩ Q. Given y ∈ N there is u ∈ (P; N )
with u(y) = y. Again u(Q) ⊂ Q ∩N and the induced map Pu :P=Q → N=N ∩Q satisIes
Pu(y + Q) = y + N ∩ Q.
(7) If N is s-pure in P; N is pure in P hence N ⊗R XS → P ⊗R XS is mono. Given
w =
∑n
i=1 yi ⊗ zi ∈ N ⊗R X there is t ∈ (P; N ) with t(yi) = yi, 1 6 i 6 n, hence
(t ⊗ 1)(w) = w. The proof for the hom map is left to the reader.
Property (1) may be slightly generalized: If a composition gf is an s-pure mono
then f has the same property.
Next some examples of s-pure monos.
Proposition 1.4. (1) Let (Mi)i∈I be a family of modules; let F be an upward directed
subset of the power set of I and for F ∈F let MF =
∏
i∈I M
′
i where
M ′i =
{
Mi if i ∈ F;
0 if i ∈ I \ F:
Then
⋃
F∈FMF is s-pure in
∏
i∈I Mi. In particular
∐
i∈I Mi is s-pure in
∏
i∈I Mi.
(2) If (Mi)i∈I is an independent family of submodules of a module N such that
every ;nite sum
⊕
i∈J Mi is a direct summand of N; then
⊕
i∈I Mi is s-pure in N .
If; in particular; all Mi; i ∈ I; are pure-injective and the sum
⊕
i∈I Mi is pure in N
then it is even s-pure.
(3) [8, Proposition 1:10] If M is a pure submodule of a pure-projective module N
then M is even s-pure in N .
(4) For every pure mono f :M → N there is a push-out diagram
M ′
f′−−−−−→ N ′
g
	
	 h
M
f−−−−−→ N
in which f′ is an s-pure mono; g and h are s-pure epis and N ′ is pure-projective.
Proof. Conditions (1) and (2) are immediate consequences of condition (4) in Propo-
sition 1.3.
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(3) Since N is a direct summand of a direct sum of Initely presented modules we
may assume from the beginning that N is a direct sum of Initely presented modules.
Letting x ∈ M the factor module N=xR is pure-projective hence there is h ∈ (N=xR;M)
making the diagram
commute, where p, q are the canonical maps. Let t:=1N − hr ∈ EndR(N ) where
r :N → N=xR is canonical. It is easily checked that t(x) = x and pt = 0, i.e. Im t ⊂ M .
(4) Let f ∈ (M;N ) be a pure mono and let p ∈ (N; P) be the cokernel of f. It is
well known that there is a pure-projective module N ′ and a pure epi h ∈ (N ′; N ). This
yields a commutative diagram with exact rows
0 −−−−−→ M ′ f
′
−−−−−→ N ′ p
′
−−−−−→ P −−−−−→ 0
g
	 h
	
∥∥∥∥∥
0 −−−−−→ M f−−−−−→ N p−−−−−→ P −−−−−→ 0
in which p′ = ph, f′ is the kernel of p′ and g is induced by h. Obviously, the left
square is a push-out diagram. Since N ′ is pure-projective the pure epis h and p′ are
s-pure by (3). Furthermore g is an epi and Ker g = Ker h is s-pure in N ′ hence in M ′
as well.
Let us dwell on the situation of statement (4). First, we note that splitting of f′
implies splitting of f. It follows that there are non-splitting pure monos if and only
if there are non-splitting s-pure monos. In order to illustrate the behaviour of s-purity
under certain limits we assume that M is Initely generated. (Such monos exist over
von Neumann regular rings which are not semisimple.) It is plain that f is not s-pure.
Now, we write K : = Ker g= Ker h as a union of an upward directed family (Ki)i∈I of
Initely generated submodules. Then up to isomorphism f :M → N is the direct limit
of the s-pure monos M ′=Ki → N ′=Ki, i ∈ I . Hence, in contrast to purity, push-outs
and direct limits of s-pure monos need not be s-pure. This example also shows that
statement (3) in Proposition 1.3 does not hold for arbitrary M , again in contrast to
purity.
A further consequence of (4) is that a module is injective (projective) with respect
to all s-pure monos (epis) if and only if it is pure-injective (pure-projective).
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2. Locally pure-injective modules
Now, we are in a position to deIne a new class of modules which contains the class
of pure-injective modules but is larger in general. It is deIned via the s-pure monos in
a similar way as the absolutely pure modules are deIned via the pure monos. (Recall
that a module MR is called absolutely pure if and only if every mono M → N is
pure.)
Theorem 2.1. The following conditions are equivalent for a module MR:
(1) Every pure mono M → N is s-pure.
(2) There exists an s-pure mono M → N to a pure-injective module N .
(3) Given a pure mono f ∈ (A; B); a map g ∈ (A;M) and a tupel a ∈ An with n ∈ N;
there exists h ∈ (B;M) such that hf(a) = g(a). (It is su>cient to assume the
condition for n = 1:)
(4) Given n ∈ N; an n-pointed module (X; x) and a presentation (X; x) = lim→ i∈I(Xi; xi)
as a direct limit; we have HX;x(M) =
⋂
i∈I HXi; xi(M): (n = 1 and presentations by
;nitely presented modules Xi are su>cient.)
(5) For every n ∈ N and every m ∈ Mn there is a pure-injective direct summand M ′
of M containing the components of m: (n = 1 is su>cient.)
(6) There is a locally split epi p :P → M where P is a direct sum of pure-injective
modules.
Recall that an epimorphism g ∈ (B; C) is called locally split if for every c ∈ C there
exists s ∈ (C; B) such that c = gs(c). As in Proposition 1.2 this implies that for every
c ∈ Cn, n¿ 1, there exists s ∈ (C; B) such that c = gs(c); see [2].
Denition 2.2. The module MR is called locally pure-injective, l-pure-injective for
short, if it satisIes the conditions of the preceding theorem.
Proof. Implication (1) ⇒ (2) is obvious since there is a pure mono M → N to a
pure-injective module N .
(2) ⇒ (3): Let j :M → N be as in (2), let f ∈ (A; B) be a pure mono, a ∈ An and
let g ∈ (A;M). Then there is h ∈ (B; N ) with j g = hf. There exists t ∈ (N;M) with
tjg(a) = g(a) whence t hf(a) = g(a).
(3) (For n = 1) ⇒ (1): Given a pure inclusion f :M → N and x ∈ M there is
t ∈ (N;M) with x = tf(x). Hence f is s-pure.
(2) ⇒ (4): Let f :M → N be an s-pure inclusion with a pure-injective module N ,
let (X; x) be an n-pointed module and (X; x) = lim→ i∈I(Xi; xi). Since N is pure-injective,
we have HX;x(N ) =
⋂
i∈I HXi; xi(N ) by Zimmermann [19, Corollary 1:8]; we repeat the
proof in Remark A.2. Since M is s-pure in N we have HX;x(M) = Mn ∩ HX;x(N ) and
HXi; xi(M) = M
n ∩ HXi; xi(N ) for all i ∈ I . Consequently, HX;x(M) = Mn ∩ HX;x(N ) =
Mn ∩⋂i∈I HXi; xi(N ) =⋂i∈I HXi; xi(M).
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(4) ⇒ (1): Let f :M → N be a pure inclusion and let (X; x) be a 1-pointed module.
To show that HX;x(M) = M ∩ HX;x(N ) let (X; x) = lim→ i∈I(Xi; xi) be a presentation by
Initely presented 1-pointed modules (Xi; xi). The canonical maps (Xi; xi) → (X; x) yield
HX;x(N ) ⊂ HXi; xi(N ), i ∈ I ; furthermore, we have HX;x(M)=
⋂
i∈I HXi; xi(M) by (4) and
HXi; xi(M) =M ∩ HXi; xi(N ); i ∈ I , by purity of M in N . Consequently, M ∩HX;x(N ) ⊂
M ∩⋂i∈I HXi; xi(N )=⋂i∈I HXi; xi(M)=HX;x(M). Since the opposite inclusion is obvious
our claim is proven.
(2) ⇒ (5): Let f :M → N be an s-pure inclusion, N pure-injective and let x ∈ Mn.
There exists t ∈ (N;M) with t(x) = x. Since N has the Inite exchange property [17,
Theorem 11] our assertion follows from the subsequent Lemma 2.3.
(5) ⇒ (6): Every element 0 = x ∈ M is contained in a pure-injective direct
summand Mx of M . It is plain that the map
∐
0=x∈M Mx → M which is induced by
the inclusions Mx ⊂ M is a locally split epi.
(6) ⇒ (5): Let (Qi)i∈I be a family of pure-injective modules, Q =
∐
i∈I Qi, and
let q :Q → M be a locally split epi. Given x ∈ M , there exists s ∈ (M;Q) with
q s(x) = x and a Inite subsum Q′ =
∐
i∈J Qi of Q containing s(x). Let q
′ = Q′ → M
and s′ :M → Q′ be the maps induced by q and s, respectively. Then q′s′(x)=x. Another
application of Lemma 2.3 shows that M has a direct summand which contains x and
is isomorphic to a direct summand of Q′.
(5) ⇒ (1): Let f :M → N be a pure inclusion and x ∈ M . By (5) the element
x is contained in a pure-injective direct summand M ′ of M . Then the composition
M ′ ,→ M f→N splits because it is pure. Hence there is t ∈ (N;M ′) with t(x) = x.
Lemma 2.3. Let M; N be modules where N has the ;nite exchange property. Further-
more; let f ∈ (M;N ); g ∈ (N;M) be homomorphisms such that gf(x) = x for some
0 = x ∈ Mn: Then M and N contain direct summands M ′ and N ′ respectively such
that x ∈ M ′n; f(x) ∈ N ′n and g induces an isomorphism N ′ → M ′.
Proof. Let S = End(N ). Because N has the Inite exchange property there exists an
idempotent u ∈ S such that u ∈ Sfg and 1− u ∈ S(1−fg) [10, Theorem 2.1]. Hence
there are a; b ∈ S with a = ua; ub = 0; u = afg and 1 − u = b (1 − fg). It follows
that v = gaf is an idempotent of End(M) and that u(N ) → v(M); u(y) → gu(y), is
an isomorphism with inverse v(z) → afv(z). Since x is Ixed by gf; f(x) is Ixed by
u and a, hence x is Ixed by v. In particular, f(x) ∈ u(N )n and x ∈ v(M)n.
By condition (5) of Theorem 2:2 every direct sum of pure-injective modules is
l-pure-injective. It follows that over a ring there exist l-pure-injective modules which
are not pure-injective provided the pure-injectives are not closed under direct sums.
Next, some closure properties of the class of l-pure-injectives.
Proposition 2.4. (1) Every s-pure submodule of an l-pure-injective module is l-pure-
injective.
(2) The class of l-pure-injective modules is closed under direct summands; arbitrary
direct sums and direct products.
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(3) The union of an upward directed family (Mi)i∈I of l-pure-injective pure sub-
modules of some module M is l-pure-injective.
(4) If MR is ;nitely generated and NR is l-pure-injective then (M;N ) is an l-pure-
injective right module over S = EndR(M).
Proof. (1) Let M be an s-pure submodule of an l-pure-injective module N and N → L
an s-pure mono to a pure-injective module L. Since the composition M → L is s-pure,
M is l-pure-injective.
(2) The Irst statement is a special instance of (1). Now let (Mi)i∈I be a family of
l-pure-injective modules and for every i ∈ I let fi ∈ (Mi; Ni) be an s-pure mono to a
pure-injective module Ni. Since
∏
i∈I fi :
∏
i∈I Mi →
∏
i∈I Ni is s-pure and
∏
i∈I Ni is
pure-injective,
∏
i∈I Mi is l-pure-injective. The direct sum
∐
i∈I Mi is l-pure-injective
as well, because it is an s-pure submodule of the direct product.
(3) Let M be a pure submodule of some pure-injective module N . Since the Mi are
pure submodules of N , they are s-pure, hence
⋃
i∈I Mi is s-pure in N .
(4) Given f ∈ (M;N ) the image of f is contained in a pure-injective direct summand
N ′ of N . Then (M;N ′) is a pure-injective direct summand of the S-module (M;N ),
and f ∈ (M;N ′).
In the remaining part of this section we bring some results on the structure of
l-pure-injective modules.
Proposition 2.5. Let M be l-pure-injective and (xi)i∈N a sequence of elements in M.
Then there is an independent family (Mi)i∈N of pure-injective submodules of M whose
direct sum is s-pure in M and contains the given sequence.
Proof. Proceeding inductively we assume that we have already found independent
pure-injective submodules M1; : : : ; Mn whose direct sum M ′ is a direct summand of
M and contains x1; : : : ; xn. Let M ′′ be a complementary direct summand of M ′. Then
there are y ∈ M ′; z ∈ M ′′ with xn+1 = y + z. Since M ′′ is l-pure-injective as well,
z is contained in a pure-injective direct summand Mn+1 of M ′′. Then
⊕n+1
i=1 Mi is a
direct summand of M and contains x1; : : : ; xn+1. Obviously,
⊕
i∈N Mi is s-pure in M
and contains the sequence (xi)i∈N.
Corollary 2.6. Every countably generated l-pure-injective module is a countable direct
sum of pure-injective modules.
Corollary 2.7. Let R be right noetherian. If an l-pure-injective module M contains
a countably generated essential submodule; then M is a countable direct sum of
pure-injective modules.
Proof. Letting U be a countably generated essential submodule of M there exists a
pure submodule V of M which is a countable direct sum of pure-injectives and contains
U . Since R is right noetherian the pure and essential submodule V has to be all of M .
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Corollary 2.8. Let M be an l-pure-injective module which is a direct summand of a
direct sum of countably generated modules. Then M is a direct sum of countably
generated pure-injective modules.
Proof. By Kaplansky’s theorem M is a direct sum of countably generated submodules.
Since M is l-pure-injective each of these summands is a direct sum of pure-injective
modules.
An immediate consequence is
Corollary 2.9. A pure-projective module is l-pure-injective if and only if it is a direct
sum of countably generated pure-projective; pure-injective submodules.
Example 2.10. A reduced abelian torsion group is locally pure-injective if and only if
it has no elements = 0 of inInite height.
Proof. It is suQcient to show the assertion for a reduced torsion p-group M where p
is a prime. First let M be l-pure-injective. Assuming that 0 = x ∈ M is an element of
inInite height, there exists a pure-injective direct summand M ′ of M which contains
x. Then the Ulm subgroup
⋂
n∈NM
′pn is divisible and non-trivial, contradicting the
assumption that M is reduced. This shows that 0 is the only element of inInite height
in M . To show the converse we assume that this condition holds. Given x ∈ M there
exists a countable pure subgroup U of M containing x. It is well known that U is
a direct sum of cyclic subgroups. Hence x is contained in a Inite direct sum V of
cyclic groups which is a direct summand of U . Since V is pure-injective and a pure
subgroup of M it is a direct summand of M .
Proposition 2.11. Let R be a ring such that every ;nitely presented right R-module
is pure-injective. Then the following statements are equivalent for RM :
(1) M is a Mittag–Le@er module. (For the de;nition and the main properties; see
[13; p: 68]:)
(2) Every element of M is contained in a ;nitely presented direct summand of M.
In particular, every Mittag–Le8er module over a ring as speciIed is l-pure-injective.
Examples for such rings are artin algebras, more generally algebras R over a commu-
tative pure-injective ground ring k such that R is a Initely presented k-module [16,
Proposition 7].
Proof. (1) ⇒ (2): Given x ∈ M there exists a countably generated, pure-projective
pure submodule U of M containing x [13, Second partie, ThSeorTeme 2.2.1]. Obviously,
it is suQcient to show that x is contained in a Initely presented direct summand of U .
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Writing U as a direct summand of a direct sum
∐
i∈I Mi of Initely presented modules,
x is contained in a Inite subsum
∐
i∈J Mi. Since the latter has the Inite exchange
property it follows from Lemma 2.3 that x is contained in a direct summand of U
which is isomorphic to a direct summand of
∐
i∈J Mi.
(2) ⇒ (1): This follows from [13, Second partie, Lemme 2.2.3].
Proposition 2.12. The following statements are equivalent for MR:
(1) Every mono M → N is s-pure.
(2) For all n ∈ N and x ∈ Mn there exists an injective direct summand of M
containing x1; : : : ; xn.
Proof. Condition (1) implies that M is absolutely pure and l-pure-injective hence (2)
holds. The converse implication is obvious.
Remark 2.13. In Theorem 2.1 we recalled the notion of a locally split epimorphism.
Azumaya showed that a module M is a strict Mittag–Le8er module (see [13, p. 74] for
the deInition) if and only if every pure epi p ∈ (N;M) is locally split [3, Proposition
8]. Hence the deInition of an l-pure-injective module may be interpreted as the dual
of the notion of a strict Mittag–Le8er module.
3. When are l-pure-injectives pure-injective?
Proposition 3.1. An l-pure-injective module MR is pure-injective provided it satis;es
one of the following conditions:
(1) M is indecomposable.
(2) M contains a ;nitely generated; essential submodule. This happens for instance
if M is ;nitely generated or of ;nite Goldie dimension.
(3) M is of ;nite dual Goldie dimension.
Proof. (1) M contains a non-zero pure-injective direct summand which has to be all
of M .
(2) Let U be a Initely generated essential submodule of M . There exists a pure-
injective direct summand V with U ⊂ V . Since V is essential as well it is all of M .
(3) Assuming that M is not pure-injective, there is an independent family (Mi)i∈N
of non-zero pure-injective submodules of M whose direct sum is pure in M . Letting
Nj =
⊕
i¿j Mi; j ¿ 1, the chain N1 ⊃ N2 ⊃ · · · is strictly descending and Nj=Nj+1 is
isomorphic to a non-zero direct summand of N=Nj+1. Since this holds for all j ¿ 1; M
cannot be of Inite dual Goldie dimension (e.g. see [5, Theorem 2:40]).
The proof of (3) also shows that an l-pure-injective module is pure-injective, if it
has ascending or descending chain condition for direct summands.
Now, we present general conditions under which an l-pure-injective module is pure-
injective. The characterizations to be shown have a well-known analogue for
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injective modules: recall that M is injective if and only if it is absolutely pure and pure-
injective.
Theorem 3.2. The following conditions are equivalent for MR:
(1) M is pure-injective.
(2) (a) M is l-pure-injective.
(b) For every module A; every chain A of submodules of A and every family
fB ∈ (A;M); B ∈ A; such that fC + C◦ ⊂ fB + B◦ for B ⊂ C in A; we
have
⋂
B∈A(fB + B
◦) = ∅.
(3) (a) M is l-pure-injective.
(b) For every 1-pointed module (A; a); every upward directed familyA of (;nitely
generated) submodules of A and every family fB ∈ (A;M); B ∈ A; such
that fC(a) + HA=C;aC (M) ⊂ fB(a) + HA=B;aB(M) for B ⊂ C in A we have⋂
B∈A(fB(a) + HA=B;aB(M)) = ∅; here aB denotes the residue class mod B
of a.
Proof. (1) ⇒ (2) and (1) ⇒ (3): In both cases condition (a) follows from Theorem
2.1 while (b) follows from Theorem A.1.
(2) ⇒ (1): Let M ⊂ N be a pure inclusion and (xi)i∈I a generating system of M .
In order to show that M is a direct summand of N let S= {J | J ⊂ I and there exists
s ∈ (N;M) such that s(xi)=xi for all i ∈ J}. Condition (a) implies that S = ∅. To show
that S is inductive let T be a chain of S. For every J ∈T let MJ be the submodule
of M generated by (xi)i∈J and let sJ ∈ (N;M) be a morphism with sJ (xi) = xi for all
i ∈ J . For J ⊂ K in T and i ∈ J we have sJ (xi) = xi = sK (xi) hence sK − sJ ∈ M ◦J
and sK + M
◦
K ⊂ sJ + M ◦J . Now condition (b) implies that
⋂
J∈T(sJ + M
◦
J ) = ∅; let
s be in the intersection. Given J ∈ T and i ∈ J we have s(xi) = sJ (xi) = xi; hence
s(xi) = xi for all i ∈
⋃
T. This shows that
⋃
T is an upper bound of T in S. By
Zorn’s lemma S has a maximal element L; let u ∈ (N;M) be the corresponding map.
Obviously, our proof will be Inished if we can show that L= I . We assume that L = I
and let k ∈ I \ L. By (a) there exists t ∈ (N;M) with t(xk − u(xk)) = xk − u(xk). Then
v = u + t − tu satisIes v(xk) = xk and v(xi) = xi for all i ∈ L. Hence L ∪ {k} is an
element of S strictly containing L. This contradicts the maximality of L.
(3) ⇒ (1): We verify condition (4) of Theorem A.1. Let M ⊂ N be a pure inclusion
and y ∈ N . Furthermore, let A be an upward directed family of Initely generated
submodules of M whose union is all of M and let yB = y + B ∈ N=B for B ∈ A.
For every B ∈ A there exists sB ∈ (N;M) such that sB(x) = x for all x ∈ B. For
B ⊂ C in A the map sC − sB is zero on B hence there is g ∈ (N=B;M) such that
sC − sB = gpB where pB :N → N=B is the canonical epi; hence sC(y) − sB(y) ∈
HN=B;yB(M) and sC(y) + HN=C;yC (M) ⊂ sB(y) + HN=B;yB(M). Condition (b) implies⋂
B∈A(sB(y) +HN=B;yB(M)) = ∅; let x be an element in the intersection. For every B ∈
A there is tB ∈ (N=B;M) such that x = sB(y) + tBpB(y). It follows that uB = sB + tBpB
again induces the identity on B but in addition it satisIes x = uB(y) for all B ∈A.
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Given x1; : : : ; xn ∈ M there exists some B ∈A such that x and x1; : : : ; xn are elements
of B. Then uB(y − x) = uB(y)− x = 0 and uB(xi) = xi; 16 i 6 n. Hence uB induces
a homomorphism N=(y − x)R → M which maps the residue class xi + (y − x)R to
xi; 16 i 6 n. It follows that (y − x)R ∩M = 0 and that the composition M ⊂ N →
N=(y − x)R is an s-pure mono.
Remark 3.3. The watchful reader will note that, in fact, our proofs show the truth of
the following statements:
(i) If M satisIes condition (2)(b) then every s-pure mono M → N splits.
(ii) Given a module M satisfying (3)(b), an s-pure mono f :M → N and y ∈ N ,
then there exists x ∈ M such that f(M)∩ (y−f(x))R = 0 and the induced mono
M → N=(y − f(x))R; m → f(m) + (y − f(x))R, is again s-pure.
Up to now we have not explored conditions (b). In particular, we do not have
examples of modules which are not pure-injective for which one of these conditions is
valid.
4. Duality properties of l-pure-injective modules
Proposition 4.1. The following are equivalent for a module MR:
(1) M is l-pure-injective.
(2) If M is a left module over some ring S such that SMR is a bimodule, SQ is an
injective cogenerator; M+ = ( SM; SQ) and (X; x) is an n-pointed module (n ∈ N);
then TX;x(M+)
◦ =HX;x(M): (TX;x(M+)
◦ denotes the set of all m ∈ Mn annihilated
by TX;x(M+):)
Proof. Let SMR be a bimodule, SQ an injective cogenerator and M+ = ( SM; SQ).
Because the map 5 :X ⊗R M+ → ((XR;MR); SQ); 5(y ⊗ ’)(h) = ’(h(y)) for y ∈
X; ’ ∈ M+ and h ∈ (X;M), is an isomorphism if X is Initely presented, the formula
TX;x(M+)
◦ = HX;x(M) holds in this case.
If (X; x) is an arbitrary n-pointed module, let (X; x)=lim→ i∈I(Xi; xi) be a presentation by
Initely presented n-pointed modules [19, Lemma 1:4]. Then TX;x(M+)=
⋃
i∈I TXi; xi(M
+)
hence TX;x(M+)
◦ =
⋂
i∈I TXi; xi(M
+)◦ =
⋂
i∈I HXi;xi(M). Now it is a consequence of
Theorem 2.1 that M is l-pure-injective if and only if TX;x(M+)
◦ = HX;x(M) for all
n-pointed modules (n ∈ N).
As an application we show that l-pure-injective modules have the AB5∗ condi-
tion for matrix subgroups. We prepare with a technical lemma. First a deInition. Let
V : Mod R → ModZ be the forgetful functor and n ¿ 1 a natural number. A sub-
functor F of the product Vn is called a p-functor if it commutes with direct products,
i.e. if  (F(
∏
i∈I Mi)) =
∏
i∈I F(Mi) holds for every family (Mi)i∈I of right R-modules;
here  : (
∏
i∈I Mi)
n → ∏i∈I Mni is the canonical isomorphism. It is easily seen that
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for every n-pointed module (X; x) the functor HX;x ⊂ Vn has this property. It is well
known that in a sense there are no other p-functors. We include a proof of this fact
for completeness.
Lemma 4.2. Let M be a module.
(1) For every p-functor F ⊂ Vn there is an n-pointed module (X; x) with F(M) =
HX;x(M).
(2) Let I be an upward directed ordered set and (Fi)i∈I a family of p-functors Fi ⊂
Vn such that Fj(M) ⊂ Fi(M) for i 6 j. Then there is a direct system ’ji :
(Xi; xi) → (Xj; xj); i 6 j in I; of n-pointed modules with Fi(M) = HXi; xi(M) for
all i ∈ I .
Proof. (1) Let y = (ym) ∈ (Mn)Mn be deIned by
ym =
{
m if m ∈ F(M);
0 if m ∈ Mn \ F(M):
Note that y ∈ F(M)Mn . Now let X = MMn and let x = (x1; : : : ; xn) ∈ X n be the inverse
image of y under the isomorphism  :X n → (Mn)Mn . Then
xim =
{
mi if m ∈ F(M);
0 otherwise
and because F is a p-functor we have x ∈ F(X ). We check that HX;x(M)=F(M). For
HX;x(M) ⊂ F(M) let h ∈ (X;M). Then (h(x1); : : : ; h(xn)) = hn(x) ∈ hn(F(X )) ⊂ F(M).
For the opposite inclusion let m ∈ F(M) and let pm :X → M be the mth projection.
Then pm(xi) = xim = mi; 16 i 6 n, hence (pm(x1); : : : ; pm(xn)) = (m1; : : : ; mn) = m.
(2) Again let X = MM
n
, let y(i) = (y(i)m ) ∈ (Mn)Mn with
y(i)m =
{
m if m ∈ Fi(M);
0 otherwise
and x(i) =  −1(y(i)) ∈ X n. By (1) we have HX;x(i) (M) = Fi(M). For i¡ j in I let
’ji :X → X be deIned by ’ji((um)) = (vm) with
vm =
{
um if m ∈ Fj(M);
0 otherwise;
since Fj(M) ⊂ Fi(M) we have ’ji(x(i)) = x(j). Hence the morphisms ’ji : (X; x(i)) →
(X; x(j)), i 6 j in I , establish the desired direct system.
Corollary 4.3. Every matrix subgroup of MM is of the form Ey where E=EndR(MM )
and y ∈ MM .
Proof. Let U = HX;x(MM ) with a 1-pointed module (X; x). By Lemma 4.2 we have
HX;x(M) = HMM ;y(M) for some y ∈ MM hence U = HX;x(M)M = HMM ;y(M)M =
HMM ;y(MM ) = Ey.
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In the remaining part of this section we let H(n) = H(n)(M) be the set of all
subgroups HX;x(M) ⊂ Mn where (X; x) runs through the class of all n-pointed modules.
Proposition 4.4. Let M be l-pure-injective and n ¿ 1 a natural number. Then H(n)
satis;es the AB5∗ condition; i.e. for every K ∈ H(n) and every downward directed
family (Hi)i∈I of subgroups in H(n) we have K +
⋂
i∈I Hi =
⋂
i∈I (K + Hi).
Proof. We need a formula which is derived from Proposition 4.1. Let (X; x) and
(Y; y) be n-pointed modules and (Z; z) be their direct product, i.e. Z = X × Y and
z = ((x1; y1); : : : ; (xn; yn)). Using the notation of Proposition 4.1 we have (TX;x(M+) ∩
TY;y(M+))
◦ = TZ;z(M+)
◦ = HZ;z(M) = HX;x(M) + HY;y(M).
Now let HY;y(M) ∈ H(n) and let (HXi; xi(M))i∈I be a family of subgroups in
H(n) where I is an upward directed ordered set such that HXj;xj (M) ⊂ HXi; xi(M)
for i 6 j. By Lemma 4.2 we may assume that there are morphisms ’ji : (Xi; xi) →
(Xj; xj); i 6 j in I , establishing a direct system. Let (X; x) be the limit of this system.
Since M is l-pure-injective we have HX;x(M) =
⋂
i∈I HXi; xi(M) whereas it is obvi-
ous that TX;x(M+) =
⋃
i∈I TXi; xi(M
+). Using the above formula we obtain HY;y(M) +⋂
i∈I HXi; xi(M) = HY;y(M) + HX;x(M) = [TY;y(M
+) ∩ TX;x(M+)]◦ = [TY;y(M+) ∩
⋃
i∈I
TXi; xi(M
+)]
◦
= [
⋃
i∈I (TY;y(M
+) ∩ TXi; xi(M+))]
◦
=
⋂
i∈I (TY;y(M
+) ∩ TXi; xi(M+))◦ =⋂
i∈I (HY;y(M) + HXi; xi(M)).
Remark 4.5. If M is pure-injective further sets of subgroups have the AB5∗ property,
namely
(1) given a non-empty set K , the set of all HX;x(M) ⊂ MK where (X; x) runs through
the class of all K-pointed modules;
(2) given a module A, the set of all B◦ ⊂ (A;M) where B runs through the set of all
submodules of A.
This follows from condition (2) (resp. (3)) of Theorem A.1 and the following
well-known fact. A set G of subgroups of an abelian group G has AB5∗ provided
the following assumptions are valid:
(a) G is closed under Inite intersections;
(b) every downward directed family of cosets (hi + Hi)i∈I with hi ∈ G and Hi ∈ G
has a non-empty intersection.
For the ease of the reader we add a proof. Let (Hi)i∈I be a downward directed
family in G and K ∈ G. We have only to show that ⋂i∈I (K + Hi) ⊂ K +⋂i∈I Hi the
opposite inclusion being obvious. Let x ∈ ⋂i∈I (K + Hi), x = ki + hi with ki ∈ K and
hi ∈ Hi. If Hi ⊂ Hj then hj−hi = ki− kj ∈ K ∩Hj hence ki +K ∩Hi ⊂ kj +K ∩Hj. By
(a) and (b) there is an element k in the intersection of the cosets ki + K ∩ Hi; i ∈ I .
It is obvious that k ∈ K . Since x − k = ki − k + hi ∈ Hi for all i ∈ I we obtain
x − k ∈ ⋂i∈I Hi and x = k + (x − k) ∈ K +⋂i∈I Hi.
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The fact that the set of matrix subgroups of a pure-injective module has AB5∗ was
used in [15, Theorem 9] to show that the endomorphism ring S of a pure-injective
module M is F-semiperfect and that S=J (S) is right self-injective. Part of this can be
extended to l-pure-injective modules.
Lemma 4.6. Let M be l-pure-injective, S=End(M) and let H , L be inH(n)=H(n)(M)
such that H ⊂ L.
(1) The set K = {K ∈ H(n) |H + K = L} has a minimal element with respect to
inclusion.
(2) If SL is ;nitely generated then every minimal element of K is ;nitely generated
and even an addition complement of H , i.e. a minimal element in the set of all
S-submodules K with H + K = L.
Proof. (1) We show that the set K is inductive with respect to the order K1 6 K2
iH K1 ⊃ K2 and then apply Zorn’s lemma. In fact, it follows from Proposition 4:3 that
H +
⋂
i∈I Ki =
⋂
i∈I (H + Ki) = L for every chain (Ki)i∈I in K. Since H
(n) is closed
under arbitrary intersections
⋂
i∈I Ki belongs to K and is an upper bound of this chain
with respect to 6.
(2) Let SL be Initely generated, say by ‘1; : : : ; ‘m and let K be a minimal element
of K. Furthermore, let K ′ be an S-submodule of L with K ′ ⊂ K and H + K ′ = L.
There are elements xi ∈ H and yi ∈ K ′ with ‘i =xi +yi, 16 i 6 m. Letting K ′′ be the
S-submodule of Mn generated by y1; : : : ; ym we have H +K ′′ = L. Since K ′′ ∈K and
K ′′ ⊂ K ′ ⊂ K we obtain K ′′ = K ′ = K . This shows that K is an addition complement
of H . The special choice K ′ = K yields that SK is Initely generated.
Corollary 4.7. Let MR be l-pure-injective and let M be ;nitely generated as a module
over S = EndR(M).
(1) Every subgroup H ∈H(1) has an addition complement in SM .
(2) The image of every H ∈H(1) in SM=Rad(SM) is a direct summand. In particular
SM=Rad(SM) is von Neumann regular, i.e. every ;nitely generated submodule is
a direct summand.
Proof. (1) This follows from Lemma 4.6.
(2) Let H ∈H(1) and let K be an addition complement of H in SM . Since Rad SM
is superUuous in M , K is an addition complement of H + Rad SM as well. Hence
(H + Rad SM) ∩ K ⊂ Rad SM and therefore M=RadSM is the direct sum of the
images of H and K . Because every Initely generated submodule of SM is in
H(1) its image is a direct summand of SM=Rad SM .
Corollary 4.8. Let MR be l-pure-injective.
(1) Every matrix subgroup of MM has an addition complement.
(2) EMM=Rad(EMM ) is von Neumann regular, where E = EndR(MM ).
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Proof. Since MM is l-pure-injective over R and cyclic over E this follows from Corol-
lary 4.7.
Appendix
In this appendix we take the opportunity to present reformulations and new proofs
of some important characterizations of pure-injective modules. Two of these proofs are
modiIed in Section 3.
Theorem A.1. The following statements are equivalent for a module M:
(1) M is pure-injective.
(2) Given a non-empty set K; a family (Xi; xi); i ∈ I; of K-pointed modules and a
family (mi)i∈I of elements of MK such that the family of cosets (mi+HXi; xi(M))i∈I
is downward directed; we have
⋂
i∈I (mi + HXi; xi(M)) = ∅.
(2′) Condition (2) for singletons K . It is even su>cient to take singletons K and
;nitely presented modules Xi; i ∈ I .
(3) Given a module A; an upward directed set A of submodules of A and a family
of homomorphisms fB ∈ (A;M); B ∈A; such that fC +C◦ ⊂ fB +B◦ for B ⊂ C
in A; we have
⋂
B∈A(fB +B
◦) = ∅. Here B◦ is the annihilator of B in (A;M): (It
is su>cient to take ;nitely generated submodules in A.)
(4) For every pure inclusion M ⊂ N and every y ∈ N there exists x ∈ M such that
M ∩ (x + y)R = 0 and the induced mono M → N=(x + y)R; m → m + (x + y)R;
is again pure.
Condition (2′) Irst appeared in the independent articles [6,14]. Condition (3) is a
variant of a condition due to Azumaya [1]. Condition (4) may be viewed as a “Baer
criterion” for pure-injectivity; it is a basis-free formulation of a condition formerly used
in our article [14, Lemma 2:2]. The proofs of the equivalences we are going to develop
depend heavily on the technique of pointed modules.
Proof. (1) ⇒ (2): Here we adopt a proof by Mueller [9, Lemma 4]. Let S =EndR(M),
let SQ be an injective cogenerator and M+ = (SM; SQ). Furthermore let T = EndS(Q),
let WT be an injective module containing QT and M++ = (M+T ;WT ). First we need
a formula. We begin by noting that M+(K) operates on MK by ’(y) =
∑
k∈K ’k(yk)
for ’ = (’k) ∈ M+(K) and y = (yk) ∈ MK ; similarly M++K operates on M+(K). Now,
given a K-pointed module (X; x) we denote by HX;x(M)
◦ the annihilator of HX;x(M)
in M+(K) and by HX;x(M)
◦◦ the annihilator of HX;x(M)
◦ in M++K . We show that
HX;x(M)
◦◦ ⊂ HX;x(M++). Since WT is injective we have HX;x(M++) = TX;x(M+)◦ by
Zimmermann [19, Lemma 1:5]. On the other hand, it is obvious that TX;x(M+) ⊂
HX;x(M)
◦. Hence HX;x(M)
◦◦ ⊂ TX;x(M+)◦ = HX;x(M++). Now let (mi + Ui)i∈I with
Ui = HXi; xi(M) be a family of cosets as speciIed. Then the family (U
◦
i )i∈I is upward
directed. It is easy to see that the prescription h(’) = ’(mi) if ’ ∈ U ◦i deInes a
354 W. Zimmermann / Journal of Pure and Applied Algebra 166 (2002) 337–357
T -linear map h :
⋃
i∈I U
◦
i → QT . Since WT is injective h can be extended to a map
g ∈ (M+(K); WT ) = M++K . Because M is pure-injective the evaluation map c :M →
M++ has a left inverse d. Given i ∈ I and ’ ∈ U ◦i we have g(’) =’(mi) = cK (mi)(’)
hence g − cK (mi) is an element of U ◦◦i and a fortiori of HXi; xi(M++). It follows that
dK (g) − mi = dK (g − cK (mi)) is an element of Ui. Since this holds for all i ∈ I we
have shown that dK (g) is an element of
⋂
i∈I (mi + Ui).
(2) ⇒ (3): Let (fB + B◦)B∈A be a family of cosets as in (3) and let (ak)k∈K be a
generating system of A. Then the map  : (A;M) → MK , f → (f(ak))k∈K , is a group
mono and it is easily checked that (B◦)=HA=B;cB(M) where cB=(ak +B)k∈K ∈ (A=B)K .
By (2) the intersection of the family ((fB) + (B
◦))B∈A is not empty. Because  is
mono the intersection of the family we started with is also not empty.
Implication (2) ⇒ (2′) is obvious.
(2′) ⇒ (4): Now, we assume condition (2′) for families (Xi; xi), i ∈ I , of Initely
presented modules Xi and a single xi ∈ Xi. Let f :M → N be a pure inclusion, y ∈ N ,
Z = N=M , let < :N → Z be the canonical map and z = <(y). By Zimmermann [19,
Lemma 1:4] there is a presentation of (Z; z) as a limit of a direct system ’ji : (Zi; zi) →
(Zj; zj), i 6 j in I , consisting of 1-pointed Initely presented modules. Let ’i ∈ (Zi; Z),
i ∈ I , denote the canonical maps. Purity of f implies that for each i ∈ I there is
 i ∈ (Zi; N ) with < i =’i. It follows that < i(zi)=’i(zi)= z=<(y) hence  i(zi)−y ∈
M for all i ∈ I . For i 6 j we have ( j(zj) − y) − ( i(zi) − y) = ( j’ji −  i)(zi) ∈
M∩HZi;zi(N )=HZi;zi(M), the latter equation being valid by purity of f. This shows that
 i(zi)− y + HZi;zi(M), i ∈ I , is a family as in condition (2′). Letting x be an element
in its intersection there is >i ∈ (Zi;M) with x + y = ( i + >i)(zi) for every i ∈ I . In
this way we achieve the following. The map %i =  i + >i again satisIes <%i = ’i but
in addition it is a morphism (Zi; zi) → (N; x + y). Now we can verify that (4) holds
with the element x. To show that M ∩ (x+y)R= 0 let r ∈ R with (x+y) r ∈ M . Then
z r = 0 hence there is i ∈ I with zi r = 0 and we arrive at (x + y) r = %i(zi r) = 0. To
show that the induced mono Pf : M → N=(x + y)R is pure we note that the diagram
is commutative with P% = (%i), P’ = (’i) where %i, ’i, P< are induced by %i, ’i, <
respectively, and that Z=zR is the limit of the induced direct system (Zi=ziR, ’ji, i 6 j
in I). It follows that P’ and consequently P< are pure epis. Since P< is the cokernel of
Pf, Pf is a pure mono.
(4) ⇒ (1): Let f :M → N be a pure inclusion. A routine application of Zorn’s
lemma shows that the set of all submodules L ⊂ N such that M ∩ L = 0 and the
induced mono M → N=L is pure has a maximal element, say U . Let 5 :N → N=U be
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the canonical epi. We want to show that N = M ⊕ U and let y ∈ N . By (4) there
is x ∈ M such that 5(M) ∩ 5((x + y)R) = 0 and the composition M → M=U →
M=(U + (x + y)R) is a pure mono. Maximality of U yields x + y ∈ U hence
y ∈ M ⊕ U .
(3) ⇒ (1): Let f :M → N be a pure inclusion, let p ∈ (F; N ) be an epi with a
free module F , K = p−1(M) and let q ∈ (K;M) be the restriction of p to K . First we
note that for every Initely generated submodule B ⊂ K there exists g ∈ (F;M) with
g|B = q|B. This is true because f is pure and F=B is pure-projective. Now, we write K
as a union of an upward directed set A of Initely generated submodules. By our Irst
remark there is a family of homomorphisms gB ∈ (F;M), B ∈A, satisfying gB|B =q|B.
It follows that gC + C
◦ ⊂ gB + B◦ for B ⊂ C in A. By (3) there is g ∈ (F;M) with
g|B = gB|B = q|B for all B ∈A, hence g extends q. It is obvious that g induces a left
inverse of f.
Remark A.2. For the beneIt of the reader we recall the proof of the formula HX;x(M)=⋂
i∈I HXi; xi(M) where M is pure-injective and (X; x) = lim→ i∈i(Xi; xi) is a direct limit of
K-pointed modules.
Proof. We stick to the notation of the proof of (1) ⇒ (2). First we note that TX;x(M+)=⋃
i∈I TXi; xi(M
+). Since WT is injective we have TX;x(M+)
◦=HX;x(M++) and TXi; xi(M
+)◦
= HXi; xi(M
++) for all i ∈ I . Hence HX;x(M++) = TX;x(M+)◦ =
⋂
i∈I TXi; xi(M
+)◦ =⋂
i∈I HXi; xi(M
++). Because the canonical map c : M → M++ splits we obtain (cK)−1
HX;x(M++) = HX;x(M) and (cK)−1HXi; xi(M
++) = HXi; xi(M) for all i ∈ I , hence the
formula.
It is well known that every module is purely embeddable into a pure-injective mod-
ule. This result can be modiIed as follows.
Theorem A.3. For every module MR there is a family (Yk)k∈K of ;nitely presented
left R-modules and a pure mono M →∏k∈K Y+k .
Here we again use the following notation. If X is a left R-module, S =EndR(X ) and
QS an injective hull of the radical factor ring S=J (S) considered as a right S-module,
then we put X + = (XS; QS)R.
Proof. Let (Xi)i∈I be a set of representatives of the isomorphism classes of all Initely
presented left R-modules. For all i ∈ I let Si, Qi and X +i be deIned as in the preceding
paragraph. Since Qi is an injective cogenerator over Si there is a family of Si-linear
maps gij :M ⊗R Xi → Qj, j ∈ Li, such that the induced map gi = (gij) :M ⊗R Xi → QLii
is a monomorphism. Let fij ∈ (MR; X +iR ) be the adjoint map of gij, P =
∏
i∈I X
+Li
i and
let f :M → P be induced by the families (fij)j∈Li , i ∈ I . Let pi :P → X +Lii , i ∈ I ,
be the projections and 5i :X
+Li
i ⊗R Xi → QLii ; i ∈ I , the evaluation maps. Because the
composition M ⊗R Xif⊗Xi−→P⊗R Xipi⊗Xi−→X +Lii ⊗R Xi 5i→QLii is gi we see that f⊗Xi is mono
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for all i ∈ I . Now we can Inish the proof. Because there is ‘ ∈ I with X‘ ∼=R R, f is
mono; because f ⊗ Xi is mono for all i ∈ I , f is pure.
Under additional assumptions the modules Yk in the preceding theorem can even be
chosen indecomposable.
Theorem A.4. We suppose that every ;nitely presented left R-module is a direct
sum of indecomposable submodules. Then for every module MR there are a family
(Yk)k∈K of indecomposable ;nitely presented left R-modules and a pure embedding
M → ∏k∈K Y+k . If the endomorphism rings of the Yk are local the same holds for
the Y+k , k ∈ K .
Proof. The proof of the Irst assertion is similar to that of the preceding theorem. Now
we assume that Sk = EndR(Yk) is local. Then the injective hull Qk of Sk=J (Sk) as a
right Sk -module is indecomposable, hence EndSk (Qk) is local as well. Since EndR(Y
+
k )
is isomorphic to EndSk (Qk) our second assertion is proven.
To give examples the Irst assumption in Theorem A.4 holds for semiperfect or left
noetherian rings R. The endomorphism rings of the indecomposable Initely presented
left modules are local for example if R is left artinian or an algebra over a commu-
tative pure-injective ground ring k such that R is a Initely presented k-module [16,
Proposition 7].
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